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• Introduction to the Kirkwood-Buff integrals
• Inversion of Kirkwood-Buff theory
• Thermodynamic properties
• Application: urea–water mixture, KBFF for urea
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Kirkwood-Buff theory
Kirkwood-Buff Integral:

Gij = 4⇡

Z

1

gij is the radial distribution function
of particle i with respect to particle j

[gij (r)

g(r)

1]r2 dr

0
Gij has dimension of volume

Interpretation:
• Assuming that particle-particle correlations are local, Gij measures the
change in the volume taken by particles j in a local region if a particle i were
inserted at the center of this region.
• Or, ρjGij measures the change in the number of j particles in this region….
• Far from the critical point, fluctuations are typically local within a radius of
about 1 nm.
2
⇢
g
(r)4⇡r
dr measures the average number of particles j in
• j ij

r

ρj is the number density
(concentration) of particle j

a spherical shell with width dr around a particle i.
2
• ⇢j 4⇡r dr measures the average number of particles j in the
same spherical shell with random origin.
Hence, ⇢j (gij (r) 1)4⇡r 2 dr gives the excess/deficiency of
the number of particles j due to particle i at the sphere center.

particles i and j
may be switched:

⇢i gij (r)4⇡r2 dr
(number of particles
i around j)
Note also:

Finally: the KBI measures the average affinity between particles i and j.

Gij = Gji

Kirkwood-Buff theory
Kirkwood-Buff Integral:

Gij = 4⇡

Z
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1]r2 dr
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Some observations:
The KB theory is a general theory
• no assumptions on the molecules (e.g. spherical shape, Lennard-Jones, …)
• no assumptions on the mixture (e.g. ideal mixing (Raoult regime, Henry
regime), infinite dilution, binary, …)
Thus ideal for analysis of complex mixtures of solvents
Requires detailed knowledge of the pair-correlation functions
• from MD/MC simulations
• from diffraction experiments
The KBI’s can be connected to various thermodynamic quantities (e.g. chemical
potentials, partial molar volumes, isothermal compressibility, osmotic pressure,…)
Inverse theory (by A. Ben-Naim) allows to derive KBI’s from experimental
thermodynamic quantities.

Kirkwood-Buff theory
Fluctuation theory of solutions
Kirkwood-Buff Integrals from particle fluctuations in the grand-canonical ensemble

Gij (Ls ) = Vs
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Ni is the number of particles in
the small box with volume Vs
δij is de Kronecker delta

Thermodynamic limit from extrapolating from a series of different small box sizes Ls
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Some thermodynamic relations
For a 2-component mixture: G11, G22, G12
The partial molar volume of component 1:
1 + c2 (G22 G12 )
m
V1 =
c1 + c2 + c1 c2 (G11 + G22 2G12 )

c is molar concentration

c1 V1m + c2 V2m = 1

The compressibility:
1 1 + c1 G11 + c2 G22 + c1 c2 (G11 G22 + c1 c2 (G11 G22
T =
kB T
c1 + c2 + c1 c2 (G11 + G22 2G12 )

The derivative of the osmotic pressure wrt concentration:
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Preferential interaction coefficient
Consider a 3-component system:
• solute (S)
(water)
• solvent (W)
• cosolute (C)
At low cosolute concentration, the preferential
hydration coefficient:
W

W

>0

= MW (GW S

GCS )

MW = molarity of water

Solute is preferentially hydrated by solvent

KB theory is a powerful means for determining if:
• good cosolutes that help to dissolve solutes in bad solvents
(e.g. stabilise biomolecules)
• cosolutes that help to precipitate solutes or denature
biomolecules

Inversion of the Kirkwood–Buff theory
The Journal of Chemical Physics. Vol. 67. No. 11. 4884, 1 December 1977

Inversion of the Kirkwood–Buff theory
The original KBI idea (estimating thermodynamic properties from
RDFs) remained dormant for about 25 years.
• seemed unsuitable for study of salt solutions
• required (unknown) RDF data as input
Arieh Ben-Naim (1977): KBI’s can be derived from experimental data
using KB inversion procedure

(second breakthrough:
realistic RDFs from
modern computer
simulations)

from measurement of isothermal compressibility and molar volumes

T = ⇣/kB T ⌘

in which:

Vi = [1 + ⇢j (Gjj
Vj = [1 + ⇢i (Gii

Gij )]/⌘

⌘ = ⇢i + ⇢j + ⇢i ⇢j (Gii + Gjj

Gij )]/⌘

⇣ = 1 + ⇢i Gii + ⇢j Gjj + ⇢i ⇢j (Gii Gjj

using constraints:

⇢i µii + ⇢j µij = 0

⇢i µij + ⇢j µjj = 0

⇢i V i + ⇢j V j = 1

and chemical potentials

⇢j k B T
µii =
⇢i ⌘V

µjj

⇢i k B T
=
⇢j ⌘V

µij = µji =

kB T
⌘V
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G2ij )

Convergence
In finite size systems, the KBI,

Gij = 4⇡

Z

1

[gij (r)

1]r2 dr

0

is replaced by:

Gij (R) = 4⇡

Z

R

[gij (r)

1]r2 dr

0

choose sufficiently large value for the integration limit R

• Gij should reach a plateau value
• however, often the convergence is poor…

Ionic systems
In salt solutions, electrolyte solutions, ions pose a problem for the KBI’s.
Consider cations A and anions B in water W.
The ion mole fractions are equal (charge neutrality).
Therefore, the RDF’s are constrained (in a closed
finite system):

⇢i

Z

gij (r)dr = Nj

xA =

NA
NA + NB + NW

NB
xB =
NA + NB + NW

ij

V

This leads to constraints on the KBI’s:

GAW = GBW
GAA = GBB
⇢A GAB = 1 + ⇢A GAA
which leads to a singularity in the equations for
calculating macroscopic properties

true for all 3-component
systems, in which 2 have
the same mole fraction
(NB KBT independent of
interaction types)
not a problem for fluctuations
in (semi-) grand-canonical
ensemble.

Application: Water urea mixture
• urea is an important denaturant for proteins
• urea (non-bonded) forcefield parameters developed from KBIs
RDFs and KBIs

J. Phys. Chem. B 2003, 107, 3891-3898
A Kirkwood-Buff Derived Force Field for Mixtures of Urea and Water
Samantha Weerasinghe and Paul E. Smith

convergence

Application: Water urea mixture
molar volumes and compressibility

density, relative permittivity, and diffusion constants

lines: experimental data
crosses: Kirkwood-Buff theory
J. Phys. Chem. B 2003, 107, 3891-3898
A Kirkwood-Buff Derived Force Field for Mixtures of Urea and Water
Samantha Weerasinghe and Paul E. Smith

Application: Water urea mixture
Comparison of OPLS with KBFF models for Urea with various water models

Conclusions (by Weerasinghe & Smith):
• Kirkwood-Buff theory allows for realistic model of solvent
• convergence requires large systems and long simulations
J. Phys. Chem. B 2003, 107, 3891-3898
A Kirkwood-Buff Derived Force Field for Mixtures of Urea and Water
Samantha Weerasinghe and Paul E. Smith

Summary

• Kirkwood-Buff theory, or the theory of liquid fluctuations,
allows for calculation of (non-entropic) thermodynamic
properties from density fluctuations or from pair-correlation
functions (RDFs).
• By inversion of Kirkwood-Buff theory, by Ben-Naim, the KB
integrals can be computed from a series of (experimentally
determined) thermodynamic material properties.
• Convergence of the Kirkwood-Buff integrals is sometimes
problematic, and several approaches have been developed
to improve convergence.
• Kirkwood-Buff integrals have been used with good success
to parameterise accurate atomistic and coarse-grain
forcefields for simulation of complex solvent mixtures.

